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Abstract The unsteady motion of a two-layer fluid induced by oscillatory motion of a flat plate

along its length is mathematically analyzed. Two cases are considered: (i) the two-layer fluid is

bounded only by the oscillating plate (Stokes’ second problem), and (ii) the two-layer fluid is con-

fined between two parallel plates, one of which oscillates while the other is held stationary (oscilla-

tory Couette flow). In each of the Stokes and Couette cases, both cosine and sine oscillations of the

plate are considered. It is assumed that the fluids are immiscible, and that the flat interface between

the fluids remains flat for all times. Solutions to the initial-boundary value problems are obtained

using the Laplace transform method.The results obtained for the velocity fields for the flows are

new and complete. Steady periodic and transient velocity fields are explicitly presented. Transient

and steady-state shear stresses at the boundaries of the flows are calculated; the existing literature

lacks any such results. The results derived in this paper retrieve previously known results for cor-

responding single-layer flows. Furthermore, the results obtained are illustrated taking particular

example of each of the Stokes’ problem and the Couette flow. With the help of the illustrations,

some physical insights into the flows of the particular problems are gained. Again, the results

obtained could also be applicable to a problem of heat conduction in a composite solid with sinu-

soidal temperature variation on the surface.
� 2022 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

In fluid mechanics, Stokes’ second problem refers to the

motion of a semi-infinite incompressible viscous fluid induced
by an oscillating flat plate [1,2]. However, Zeng and Wein-
baum[3] has called it as Stokes’ first problem. In Stokes’ prob-
lem, the fluid is bounded only by the oscillating plate. Again,

when a fluid is bounded by two parallel plates, one of which
oscillates in its own plane while the other is held stationary,
the problem is termed oscillatory Couette flow [4]. The study

of Stokes’ second problem finds its applications in fields such
as chemical engineering, medical and biomedical sciences,
biomechanics, micro- and nano-technology, geophysical flows,
and heat conduction problems [5–8]. It is worth mentioning

here that Stokes’ second problem has its counterparts in prob-
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Nomenclature

~u1 velocity of the lower fluid in s-domain
~u2 velocity of the upper fluid in s-domain
H distance between the plates
h thickness of the lower fluid
s Laplace transform variable

t time
U0 the plate velocity amplitude
u1 velocity of the lower fluid

u2 velocity of the upper fluid
u1s steady-state velocity of the lower fluid
u1t transient velocity of the lower fluid

u2s steady-state velocity of the upper fluid
u2t transient velocity of the upper fluid

Greek letters
L Laplace transform operator

L�1 inverse Laplace transform operator

l dynamic viscosity

l2 dynamic viscosity of the upper fluid
l1 dynamic viscosity of the lower fluid
m kinematic viscosity
m1 kinematic viscosity of the lower fluid

m2 kinematic viscosity of the upper fluid
x frequency of oscillations of the plate
s shear stress

Subscripts
1 lower fluid
2 upper fluid
s steady-state

t transient
w wall
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lems: acoustic streaming past an oscillating body, and settled

boundary layer with fluctuating incident fluid velocity [9].
Non-steady flow of a viscous fluid adjacent to an oscillatory
plate has drawn attention of many researchers. Erdogan [10]

and Fetecau et al. [11] have dealt with Stokes’ second problem
in-depth. They have presented complete solution for the veloc-
ity field, obtained by the Laplace transform method. It is to be
noted here that the complete solution contains transient and

steady-state solutions. The original solution of the now-
classical Stokes’ second problem contains only steady-state
solution, not valid for small values of time t. Again, Khaled

and Vafai[4] have studied Stokes’ second problem and oscilla-
tory Couette flow with slip boundary condition on the plate(or
plates). Relevantly, a recent study by Sherwood [12] is worth

mentioning here. He has examined unsteady flow of a viscous
fluid caused by an oscillating porous wall. All the works men-
tioned above are for Newtonian fluid. For non-Newtonian flu-

ids, in the present context, the works of Rajagopal [13], Ai and
Vafai [5], and Asghar et al. [14] are worth mentioning, among
others. Also, a more recent study concerning viscoelastic fluids
is worth noting here. Ortin [15] has investigated motions of vis-

coelastic fluids induced by an oscillating wall. He has carried
out the study from the perspective of Stokes layers for the flu-
ids. He has considered flows in both semi-infinite and wall-

bounded domains. Again, some researchers have considered
the convective flow of a non-Newtonian fluid over an oscillat-
ing plate in a rotating system. Mahanthesh et.al. [16] have

examined nonlinear convective flow of Casson fluid over an
oscillating plate subject to non-coaxial rotation of the plate
and the fluid at infinity. They have adopted the Laplace trans-
fom method to obtain an analytical solution to the problem. A

similar work for hybrid nanofluids has been reported by Ash-
lin and Mahanthesh [17].

Now we turn to works concerning flows in a wall-bounded

domain. Note that we have already mentioned the study by
Khaled and Vafai[4] dealing with oscillatory Couette flow with
slip boundary condition at the plates. Oscillatory Couette flow

subjected to applied magnetic field or/and rotation has
received considerable attention of researchers due to geophys-

ical and engineering applications of the studies. Vajravelu [18]
has studied the effect of applied magnetic field on the flow of
an electrically conducting fluid between two parallel plates,

one of which oscillates in its own plane while the other is sta-
tionary. Again, Mazumder [19] and Ganapathy [20] have
investigated oscillatory Couette flow in a rotating system.
The effects of both applied magnetic field and rotation on

oscillatory Couette flow have been examined by Seth et.al.
[21] and Singh [22]. It is worth noting that the works studying
the effects of magnetic field or/and rotation have reported only

the steady-state results. In another paper, Seth and Singh [23]
have studied hydromagnetic flow between parallel plates, one
of which oscillates in its own plane while the other is station-

ary, in a rotating system. These authors have employed the
Laplace transform method to tackle the mathematical prob-
lem, obtaining both transient and steady-state results. Their

work has been extended by Seth et.al. [24] where the induced
magnetic field has been taken into account. The works dealing
with motions in a wall-bounded domain that have been men-
tioned so far concern Newtonian fluid. On the other hand,

for non-Newtonian fluids, oscillatory Couette flow subjected
to applied magnetic field and rotation has been studied by
Hayat et.al. [25] and Hayat et.al. [26], among others. In the

light of the above discussion, we can say that a substantial
amount of research has been applied to explore the flow of a
single-layer fluid induced by oscillatory motion of a flat plate

in its own plane. However, as far as we are aware, unsteady
flow of a two-layer fluid caused by time-dependent movement
of a boundary has received much less attention, noting that
such problems may arise in some practical situations.

Recently, Ng [27] has investigated change of Navier slip length
with respect to time in starting flows using a two-layer flow
model between parallel plates, where the flow is caused by

impulsive motion of one of the plates along its length. In fact,
the flow model is an extension of classical Stokes’ first problem
[2] for a single-layer fluid to the case of unsteady Couette flow

of a two-layer fluid due to sudden motion of one of the plates.
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In order to obtain the velocity fields for the two layers of fluid,
he has utilized the result given in [28] concerning heat conduc-
tion in a composite solid. Pertinently, the work by Wang [29]

dealing with pressure-driven oscillatory flow of a two-layer
fluid is worth mentioning here.

The object of the present paper is to theoretically study the

flow of a two-layer fluid induced by oscillatory motion of a flat
plate in its own plane. Note that a two-layer fluid occurs in
chemical engineering, lubricated piping, lithographic printing,

oil industry, microfluidics, and nuclear reactor [30–41]. Note
also that interaction of a viscous fluid with oscillatory shearing
motion of a wall is found in many engineering applications[4].
In this study, we consider that the fluids that form the layers

are Newtonian. We consider flows in both semi-infinite
(Stokes’ problem) and wall-bounded (Couette flow) domains.
To the best of authors’ knowledge, the existing literature lacks

any complete velocity fields for the flows and any results for
shear stresses at the boundaries of the flows. The results
obtained in the present study for the velocity fields and wall

shear stresses are complete and will be accounted in the litera-
ture for the first time. Note that a complete velocity field or
shear stress consists of transient and steady-state parts. It

should be mentioned here that steady-state velocity fields for
the lower and upper fluids for the Couette flow case are given
in Coward and Papageorgiou[42] and Halpern and Frenkel
[43]. In both the works, the separation of variables method

was used to obtain solution for the velocity fields. The aim
of their works was to study the stability of oscillatory two-
phase Couette flow. It is important to note that a steady-

state velocity field is not a complete velocity field when a fluid
starts moving from rest. A complete velocity field contains
both transient and steady-state velocity fields. A result repre-

senting only steady-state velocity field is not valid for small
values of time t. Moreover, the results in [42,43] are subject
to restrictions respectively on densities and viscosities of the

fluids of the layers. In the present study, for both the Stokes’
problem and the Couette flow cases, we employ the Laplace
transform method to obtain results for velocity fields, giving
results for both transient and steady-state velocity fields. Note

that the steady-state velocity fields (for the lower and upper
fluids) obtained here for the Couette flow case are not similar
to those reported in [42,43]. It is worth pointing out that the

results obtained in the present study retrieve, as special cases,
related results for a single-layer fluid motion reported in [4].
We believe the current study will deepen our understanding

of the flow of a two-layer fluid caused by oscillatory motion
of a wall in an engineering application. Besides, the results
obtained here are also applicable to problems of heat conduc-
tion in two-layer composite solids with sinusoidal temperature

variation on their surfaces. Further, the present study may
provide a basis for some important future researches.

The present investigation may be considered as the starting

point of a future study dealing with the motion of a two-layer
fluid between parallel plates, one of which is oscillating in its
own plane and the other is stationary, with slip boundary con-

dition at the plates. We believe such a study could be applica-
ble to microfluidics. Note that a two-layer fluid may occur in
microfluidics [37–39], and many microfluidics have oscillating

parts [44,45]. Again, the present work may provide a basis
for future researches on Stokes’ second problem and oscilla-
tory Couette flow for a two-layer fluid where the fluids that
form the layers are non-Newtonian fluids or viscoelastic fluids.
It is our believe that such studies could be helpful in rheolog-
ical studies of some fluids. Note that oscillatory shear is one of
the methods that are applied to study rheological property of

fluids [46–48], and some fluids behave as two-layer fluids dur-
ing rheological studies using oscillatory shear [49]. Again, as
we have hinted above, the current study is also applicable to

a problem of heat conduction in a composite solid with the
conditions as follows. The composite solid is initially at a uni-
form zero temperature and then suddenly, the surface of the

solid comes into contact with a heat source with sinusoidal
temperature variation. Note that there is an analogy between
viscous diffusion in liquids and unsteady heat conduction in
solids. Note also that a composite solid is formed by attaching

together slaps of two different materials. Relevantly, Carslaw
and Jaeger [28] have studied heat conduction in semi-infinite
and finite composite solids where in each of the cases the sur-

face of the solid suddenly comes into contact with a heat
source with constant temperature of certain amount. They
have also examined heat-conduction in a single-layer solid

where the surface of the solid suddenly comes into contact with
a heat source with sinusoidal temperature variation. It is worth
mentioning here that Parasnis [50] has investigated steady-

state heat conduction in a semi-infinite composite solid where
the surface temperature varies sinusoidally with time t. But, as
far as we are aware, the literature lacks any study of heat con-
duction in a finite composite solid with sinusoidal temperature

variation on the surface. Further, the literature lacks any
exhaustive work dealing with heat conduction in a semi-
infinite composite solid with sinusoidal temperature variation

on the surface.
In this work, we derive analytical solutions for two cases of

unsteady motion of a two-layer fluid induced by sinusoidal

oscillation of a flat plate in its own plane. We consider two
cases: (i) the two-layer fluid is bounded only by the oscillating
plate (Stokes’ second problem) (see sketch in Fig. 1), and (ii)

the two-layer fluid is confined between two parallel plates,
one of which oscillates while the other is held stationary (oscil-
latory Couette flow) (see sketch in Fig. 2). In each of the cases,
we consider both cosine and sine oscillations of the plate. The

fluids of the two layers are Newtonian and have different vis-
cosities, densities, and thickness. We assume that the fluids are
immiscible, and that the flat interface between the fluids

remains flat for all times. Here we note what follows. The cur-
rent study could be applicable to a case where the interface is
flat or the deviation of the interface from flat shape is small.

Note also that the analytical results presented in this paper
may be used for validation of future numerical works dealing
with the following problems: Stokes’ second problem and
oscillatory Couette flow for a two-layer fluid with wavy inter-

face between the layers of fluid. We employ the Laplace trans-
form method to solve the initial-boundary value problems
related to the two cases mentioned here.We use the method

to solve the mathematical problems because it gives complete,
analytical solutions valid for both small and large values of
time t. It is important to note here that when a fluid starts

moving from rest the velocity field contains a transient along-
side the steady-state part.The transient disappears gradually
(or rapidly) as time progresses. For both the Stokes and Cou-

ette cases, we present analytical results for velocity fields for
starting and steady periodic flows. The result for a starting
flow is the sum of transient solution and steady-state solution.
The result for a starting flow is valid for small values of time t.



Fig. 1 Schematic diagram for Stokes’ second problem for a two-layer fluid. The solid line represents the plate, and the broken line is the

interface between the fluids.

Fig. 2 Schematic diagram for oscillatory Couette flow for a two-layer fluid. The solid lines represent the plates, and the broken line is the

interface between the fluids.
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Whereas the steady-state solution represents the time periodic
motion of the fluid and is valid for large values of time t. We
calculate transient and steady-state shear-stresses at the

boundaries of the flows. We recover related previously known
results for single-layer flows from the results obtained in this
study. Also, as special cases, we deduce some results for oscil-
latory Couette flow for a single-layer fluid from the results

obtained here. To the best of authors’ knowledge, these results
were not previously reported in the literature. We illustrate the
results obtained in this study by taking particular example of

each of the Stokes’ problem and the Couette flow. The illustra-
tions help us gain some physical insights into the flows of the
problems taken as particular examples.

The remaining part of the paper is organized into four sec-
tions. Section 2 deals with the Stokes’ second problem case,
while Section 3 concerns the case of oscillatory Couette flow.
Section 4 presents results and illustrative examples. And Sec-

tion 5 concludes the paper.

2. Stokes’ second problem for a two-layer fluid

2.1. Mathematical Formulation

Consider two superposed layers of two incompressible, viscous
fluids over a flat plate that coincides with the x-z plane of the
Cartesian co-ordinate system ðx; y; zÞ. The y-axis is the coordi-
nate normal to the plate. Both of the two fluids that form the
layers are Newtonian. The fluids are of different viscosities and

densities. The two fluids of the layers are immiscible. Suppose
that the lower fluid occupies the region 0 6 y 6 h; h being a
positive real number. And the upper fluid fills the region
h 6 y < 1. We consider that the fluids and the plate are ini-

tially at rest and then the plate starts to oscillate in its own
plane along x-axis with velocity U0 cosðxtÞ or U0 sinðxtÞ,
where U0;x, and t being the plate velocity amplitude, fre-

quency of oscillations, and the time, respectively. We assume
that the plate is infinitely long, so end effect can be neglected.
The body force is ignored. The motion of the fluids is only due

to oscillatory motion of the plate in its own plane. Therefore,
in both the layers, fluid velocity field is one-dimensional, in the
x-direction. The velocity fields for the lower and upper fluids
have no dependence on the x and z coordinates. The velocity

fields depend only on the y coordinate and the time t. The
velocity fields for the lower and upper fluids are governed by
the reduced Navier–Stokes equations:

@u1
@t

¼ m1
@2u1
@y2

; ð2:1Þ

@u2
@t

¼ m2
@2u2
@y2

; ð2:2Þ
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respectively, where m1 is the kinematic viscosity of the lower

fluid, and m2 is that for the upper fluid. Note that the kinematic
viscosity of a fluid is defined by m ¼ l

q, where, q is the fluid den-

sity, and l is the dynamic viscosity or simply the viscosity of
the fluid. In this work, we write l1 and q1 for dynamic viscosity

and density of the lower fluid, and l2 and q2 for the corre-
sponding quantities of the upper fluid. In Eqs. (2.1) and
(2.2), u1ðy; tÞ and u2ðy; tÞ are velocities in the x-direction. Here,
we consider no-slip boundary condition at the plate. Further,

we consider continuity of velocity and that of shear stress at
the interface between the fluids. Accordingly, the associated
initial and boundary conditions are:

u1ð0; tÞ ¼ U0 cosðxtÞ or u1ð0; tÞ
¼ U0 sinðxtÞ for t > 0 ð2:3; 2:4Þ

u1ðy; 0Þ ¼ 0; ð2:5Þ
u2ðy; 0Þ ¼ 0; ð2:6Þ
u1ðh; tÞ ¼ u2ðh; tÞ; ð2:7Þ

l1

@u1
@y

����
y¼h

¼ l2

@u2
@y

����
y¼h

; ð2:8Þ

u2ðy ! 1; tÞ ¼ 0: ð2:9Þ
2.2. Solution

2.2.1. Solution for the cosine oscillations of the plate

2.2.1.1. Calculation of velocity fields. In order to obtain the
velocity fields for the lower and upper fluids, we need to find

solution to the initial-boundary value problem consists of gov-
erning Eqs. (2.1) and (2.2) and initial and boundary conditions
(2.3), and (2.5)–(2.9).

We employ the Laplace transform method to solve the
mathematical problem. The method provides complete, analyt-
ical solution to a initial-boundary value problem that is valid

for small and large values of time t. The Laplace transform
of a given function uðy; tÞ is defined by

Lðuðy; tÞÞ ¼ ~uðy; sÞ ¼
Z 1

0

u expð�stÞdt; ð2:10Þ

where s is the transform variable and expð�stÞ is the kernel of
the transform. For time t > 0, the transform may be inverted

using the following inversion formula[51]:

uðy; tÞ ¼ L�1ð~uðy; sÞÞ ¼ 1

2pi

Z cþi1

c�i1
~uðy; sÞ expðstÞds; ð2:11Þ

where c is an arbitrary constant, and it must be greater than

the real part of each of the singularities of ~uðy; sÞ. The formula
is known as the Bromwich inversion integral.

We take the Laplace transforms of Eqs. (2.1) and (2.2),
yielding

~u1
00 � s

m1
~u1 ¼ 0; ð2:12Þ

~u2
00 � s

m2
~u2 ¼ 0; ð2:13Þ

respectively. Note that the initial conditions (2.5) and (2.6)
have been utilized to obtain the transforms. Here, primes stand
for differentiation with respect to y. The transformations of

the boundary conditions (2.3), and (2.7)–(2.9) result in
~u1ð0; sÞ ¼ U0

s

s2 þ x2
; ð2:14Þ

~u1ðh; sÞ ¼ ~u2ðh; sÞ; ð2:15Þ
l1 ~u1

0ðh; sÞ ¼ l2 ~u2
0ðh; sÞ; ð2:16Þ

~u2ðy ! 1; sÞ ¼ 0; ð2:17Þ
respectively. The solutions of Eqs. (2.12) and (2.13) subject to
boundary conditions (2.14)–(2.17) are

~u1ðy; sÞ ¼ sU0

ðs2 þ x2Þ �
X1
m¼1

Mm exp �a1
ffiffi
s

p� �þX1
m¼0

Mm exp �a2
ffiffi
s

p� �" #
;

ð2:18Þ
~u2ðy; sÞ ¼ sU0

ðs2 þ x2Þ
X1
m¼0

ð1�MÞMm exp �a3
ffiffi
s

p� �" #
; ð2:19Þ

respectively, where

M ¼ a� 1

aþ 1
; ð2:20Þ

a1 ¼ ð2mh� yÞffiffiffiffi
m1

p ; ð2:21Þ

a2 ¼ ð2mhþ yÞffiffiffiffi
m1

p ; ð2:22Þ

a3 ¼ ðy� hÞ ffiffiffiffi
m1

p þ ð2mþ 1Þh ffiffiffiffi
m2

pffiffiffiffiffiffiffiffi
m1m2

p
� �

; ð2:23Þ

with

a ¼ l2

l1

ffiffiffiffi
m1
m2

r
: ð2:24Þ

The Laplace transforms (2.18) and (2.19) can be inverted to
obtain the velocity fields for the lower and upper fluids,

u1ðy; tÞ and u2ðy; tÞ, respectively. The velocity fields for the
lower and upper fluids are

u1ðy; tÞ ¼ U0 �
X1
m¼1

Mm expð�a1
ffiffiffi
x
2

p Þ cosðxt� a1
ffiffiffi
x
2

p Þ
"

þ
X1
m¼0

Mm expð�a2
ffiffiffi
x
2

p Þ cosðxt� a2
ffiffiffi
x
2

p Þ
#

þ �U0

p

R1
0

�
X1
m¼1

Mmr expð�rtÞ sinða1
ffiffi
r

p Þþ
X1
m¼0

Mmrexpð�rtÞ sinða2
ffiffi
r

p Þ

r2þx2 dr

8>>><
>>>:

9>>>=
>>>;
;

ð2:25Þ
u2ðy; tÞ ¼ U0

X1
m¼0

ð1�MÞMm expð�a3
ffiffiffi
x
2

p Þ cosðxt� a3
ffiffiffi
x
2

p Þ
" #

þ �U0

p

R1
0

X1
m¼0

ð1�MÞMmrexpð�rtÞ sinða3
ffiffi
r

p Þ

r2þx2 dr

8>>><
>>>:

9>>>=
>>>;
:

ð2:26Þ

Here, M; a1; a2, and a3 are as defined in (2.20) and (2.21)–
(2.23), respectively. We note that to invert the Laplace trans-

forms (2.18) and (2.19) term by term, we have utilized the fol-
lowing result:

L�1 s expð�a
ffiffi
s

p Þ
s2 þ x2

� �
¼ expð�a

ffiffiffiffi
x
2

r
Þ cosðxt� a

ffiffiffiffi
x
2

r
Þ

� 1

p

Z 1

0

� r expð�rtÞ sinða ffiffiffi
r

p Þ
r2 þ x2

dr; ð2:27Þ
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where a > 0. The result is given in[52] as an exercise problem.

In order to make this study as self-contained as possible, we
have derived the result in detail in Appendix A.

If we let t ! 1 into expression (2.25), the part within the

curly brackets tends to zero. Therefore, the part within the
curly brackets of the expression represents the transient veloc-
ity field for the lower fluid. And the remaining part of the
expression corresponds to steady periodic velocity field for

the fluid. Again, the part within the curly brackets of expres-
sion (2.26) represents transient velocity field for the upper fluid
as it approaches zero as we let t ! 1 into the expression. The

remaining part of the expression corresponds to steady peri-
odic velocity field for the fluid.

2.2.1.2. Calculation of wall shear stress. The velocity fields for
both the lower and upper fluids have been determined. We
now are interested in calculating wall shear stress. We know
that the shear stress can be obtained using Newton’s law of

fluid friction:

sðy; tÞ ¼ l
@uðy; tÞ

@y
; ð2:28Þ

where s is the shear stress, l is the viscosity (dynamic viscosity)

of the fluid, and uðy; tÞ is the velocity field.
The shear stress at the plate can be determined by putting

y ¼ 0 in the expression obtained by plugging expression

(2.25) in the formula given by Eq. (2.28), which leads to

s1wð0; tÞ ¼ l1U0

ffiffiffiffiffi
x
m1

r X1
m¼1

Mm expð�a4

ffiffiffiffi
x
2

r
Þ cosðxt� a4

ffiffiffiffi
x
2

r
� 3p

4
Þ

 "

þ
X1
m¼0

Mm expð�a4

ffiffiffiffi
x
2

r
Þ cosðxt� a4

ffiffiffiffi
x
2

r
� 3p

4
Þ
!#

þ � l1U0

p

Z 1

0

ffiffiffi
r
m1

q X1
m¼1

Mmr expð�rtÞ cosða4
ffiffiffi
r

p Þ þ
X1
m¼0

Mmr expð�rtÞ cosða4
ffiffiffi
r

p Þ
 !

r2 þ x2
dr

8>>>><
>>>>:

9>>>>=
>>>>;
;

ð2:29Þ

where M is as defined in(2.20), and

a4 ¼ 2mhffiffiffiffi
m1

p : ð2:30Þ

If we let t ! 1 into the wall shear stress given by Eq. (2.29),
the part within the curly brackets approaches zero. So the part
inside the curly brackets represents the transient wall shear
stress. And the remaining part of expression (2.29) corresponds

to steady-state wall shear stress.

2.2.1.3. Special Case: single-layer limit. When h ! 1; h being

the thickness of the lower fluid, the two-layer problem reduces
to classical Stokes’ second problem for a single-layer fluid with
the cosine oscillations of the plate. If we let h !1; l1 ¼ l2 ¼ l
(say the viscosity of the single-layer fluid), and m1 ¼ m2 ¼ m (say
the kinematic viscosity of the single-layer fluid) in the velocity
field for the lower fluid, (2.25), we find that each of the terms
of the series in the expression becomes identically zero, except

those that we get for m ¼ 0. Thus, for the case the velocity field
for the lower fluid, (2.25), becomes

uclaðy; tÞ ¼ U0 expð�y

ffiffiffiffiffi
x
2m

r
Þ cosðxt� y

ffiffiffiffiffi
x
2m

r
Þ

�

� 1

p

Z 1

0

r expð�rtÞ sinðy ffiffi
r
m

p Þ
r2 þ x2

dr

#
: ð2:31Þ
Expression (2.31) is the velocity field for classical Stokes’ sec-

ond problem when the plate oscillates as U0 cosðxtÞ. The
velocity field (2.31) agrees with the result for the flow that
can be easily obtained from the related result reported in [4].

Note that the preceding velocity field for a single-layer fluid
can also be deduced from the velocity field for the upper fluid,
(2.26), as a special case. If we let h ¼ 0 (meaning that the lower
fluid ceases to exist), l1 ¼ l2 ¼ l (say the viscosity of the

single-layer fluid), and m1 ¼ m2 ¼ m (say the kinematic viscosity
of the single-layer fluid) in expression (2.26), we obtain the
result.

2.2.2. Solution for the sine oscillations of the plate

2.2.2.1. Calculation of velocity fields. The velocity fields for the
lower and upper fluids can be determined by solving the initial-
boundary value problem consists of governing Eqs. (2.1) and
(2.2) and initial and boundary conditions (2.4)–(2.5)–(2.9).

We note that the initial-boundary value problem is the same
as the one we have dealt earlier in this section, except that con-
dition (2.4) replaces condition (2.3). Therefore, to solve the

mathematical problem in hand, we follow the same procedure
adopted earlier. We obtain the velocity fields for the lower and
upper fluids as follows:

u1ðy; tÞ ¼ U0 �
X1
m¼1

Mm expð�a1
ffiffiffi
x
2

p Þ sinðxt� a1
ffiffiffi
x
2

p Þ
"

þ
X1
m¼0

Mm expð�a2
ffiffiffi
x
2

p Þ sinðxt� a2
ffiffiffi
x
2

p Þ
#

þ U0x
p

R1
0

�
X1
m¼1

Mm expð�rtÞ sinða1
ffiffi
r

p Þþ
X1
m¼0

Mm expð�rtÞ sinða2
ffiffi
r

p Þ

r2þx2 dr

8>>><
>>>:

9>>>=
>>>;
;

ð2:32Þ

u2ðy; tÞ ¼ U0

X1
m¼0

ð1�MÞMm expð�a3
ffiffiffi
x
2

p Þ sinðxt� a3
ffiffiffi
x
2

p Þ
" #

þ U0x
p

R1
0

X1
m¼0

ð1�MÞMm expð�rtÞ sinða3
ffiffi
r

p Þ

r2þx2 dr

8>>><
>>>:

9>>>=
>>>;
;

ð2:33Þ
respectively. Here, M; a1; a2, and a3 are as defined in (2.20) and
(2.21)–(2.23).

It is to be noted here that in expression (2.32), the part

within the curly brackets represents the transient velocity field
for the lower fluid as it approaches zero as we let t ! 1 into
the expression. The remaining part of the expression represents
the steady periodic velocity field for the fluid. Similarly, in

expression (2.33), the part inside the curly brackets represents
the transient velocity field for the upper fluid, and the remain-
ing part of the expression represents the steady periodic veloc-

ity field for the fluid.
It is worth mentioning that Duffy[53] has solved the initial-

boundary value problem that we have tackled here, obtaining

mathematical solution similar to the one reported here. He has
indicated that the solution can be used to investigate the phys-
ical problem concerning heat conduction in a two-layer solid

body.
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2.2.2.2. Calculation of wall shear stress. We have calculated the

velocity fields for the lower and upper fluids. We now intend to
evaluate the shear stress at the plate. The shear stress at the
plate can be found by substituting y ¼ 0 into the expression

obtained by plugging expression (2.32) in the formula given
by Eq. (2.28), which leads to

s1wð0; tÞ ¼ l1U0

ffiffiffi
x
m1

q X1
m¼1

Mm expð�a4
ffiffiffi
x
2

p Þ sinðxt� a4
ffiffiffi
x
2

p � 3p
4
Þ

 "

þ
X1
m¼0

Mm expð�a4
ffiffiffi
x
2

p Þ sinðxt� a4
ffiffiffi
x
2

p � 3p
4
Þ
!#

þ l1U0
x
p

R1
0

ffiffiffi
r
m1

p X1
m¼1

Mm expð�rtÞcosða4
ffiffi
r

p Þþ
X1
m¼0

Mm expð�rtÞcosða4
ffiffi
r

p Þ

 !
r2þx2 dr

8>>>><
>>>>:

9>>>>=
>>>>;
;

ð2:34Þ
whereM and a4 are as defined in (2.20) and (2.30), respectively.
Here, the part within the curly brackets represents transient

shear stress at the plate as it tends to zero as we let t ! 1 into
the result for wall shear stress. The remaining part of the result
represents steady-state shear stress at the plate. It is valid for
large values of time t.

2.2.2.3. Special Case: single-layer limit. Earlier in this section,
we have deduced the velocity field for Stokes’ second problem

for a single-layer fluid, (2.31), as a special case. The velocity
field corresponds to the case where the plate oscillates as
U0 cosðxtÞ (the cosine oscillations). We follow the same proce-

dure to deduce the velocity field for Stokes’ second problem for
a single-layer fluid related to the sine oscillations of the plate
from the velocity field for the lower fluid, (2.32). The result is

uclaðy; tÞ ¼ U0 expð�y

ffiffiffiffiffi
x
2m

r
Þ sinðxt� y

ffiffiffiffiffi
x
2m

r
Þ

�

þx
p

Z 1

0

expð�rtÞ sinðy ffiffi
r
m

p Þ
r2 þ x2

dr

#
: ð2:35Þ

The velocity field (2.35) agrees with the result for the flow that
can be easily obtained from the related result reported in [4].

Note that the preceding velocity field for a single-layer fluid
can also be deduced from the velocity field for the upper fluid,
(2.33), by adopting the procedure outlined earlier in this

section.

3. Oscillatory Couette flow for a two-layer fluid

3.1. Mathematical Formulation

Consider two superposed layers of two incompressible, viscous

fluids over a flat plate that coincides with the x-z plane of the
Cartesian coordinate system ðx; y; zÞ. Suppose that the two-
layer fluid is bounded above by another plate which is parallel

to the lower plate. Suppose that the plates are at a distance H
apart. The y-axis is the co-ordinate normal to the plates. Both
of the two fluids that form the layers are Newtonian. The fluids

are of different viscosities, densities, and thicknesses. The two
fluids of the layers are immiscible. We suppose that the lower
fluid fills the region 0 6 y 6 h; h being a positive real number.

And the upper fluid occupies the region h 6 y 6 H. The fluids
and the plates are initially at rest and then the lower plate
starts to oscillate in its own plane along x-axis with velocity
U0 cosðxtÞ or U0 sinðxtÞ, where U0;x, and t being the plate
velocity amplitude, frequency of oscillations, and time, respec-
tively. It is considered that the plates are infinitely long, so end
effect can be neglected. The body force is ignored. The motion

of the fluids are caused only by the oscillatory motion of the
lower plate in its own plane. Therefore, in both the layers, fluid
velocity field is one-dimensional, in the x-direction. The veloc-

ity fields for the lower and upper fluids have no dependence on
the x and z coordinates. The velocity fields depend only on the
y coordinate and the time t. The velocity fields for the lower

and upper fluids are governed by the reduced Navier–Stokes
Eqs. (2.1) and (2.2), respectively. We consider the no-slip
boundary condition at the plates. Besides, we consider conti-
nuity of velocity and that of shear stress at the interface

between the fluids. Accordingly, the boundary and initial con-
ditions are

u1ð0; tÞ ¼ U0 cosðxtÞ or u1ð0; tÞ
¼ U0 sinðxtÞ for t > 0 ð3:1; 3:2Þ

u1ðy; 0Þ ¼ 0 ð3:3Þ
u2ðy; 0Þ ¼ 0 ð3:4Þ
u1ðh; tÞ ¼ u2ðh; tÞ ð3:5Þ

l1

@u1
@y

����
y¼h

¼ l2

@u2
@y

����
y¼h

ð3:6Þ

u2ðH; tÞ ¼ 0 ð3:7Þ
3.2. Solution

3.2.1. Solution for the cosine oscillations of the plate

3.2.1.1. Calculation of velocity fields. In order to determine the
velocity fields for the lower and upper fluids, we need to obtain

solution to the initial-boundary value problem consists of gov-
erning Eqs. (2.1) and (2.2), and initial and boundary condi-
tions (3.1), and (3.3)–(3.7). The Laplace transforms of Eqs.
(2.1) and (2.2) are Eqs. (2.12) and (2.13), respectively. We note

that initial conditions (3.3) and (3.4) have been utilized to
obtain the transforms. Again, the transforms of the boundary
conditions (3.1), (3.5), and (3.6) are Eqs. (2.14)–(2.16), respec-

tively. And the transform of the boundary condition (3.7) is

~u2ðH; sÞ ¼ 0: ð3:8Þ
The solutions of Eqs. (2.12) and (2.13) subject to boundary
conditions (2.14)–(2.16) and (3.8) are

~u1ðy; sÞ ¼ � U0s

s2 þ x2

sinhðpÞ sinhðr� qÞ þ a coshðpÞ coshðr� qÞf g sinhð
ffiffiffi
s
m1

q
yÞ

F1ðsÞ

2
4

� coshð
ffiffiffi
s
m1

q
yÞ
#
;

ð3:9Þ

~u2ðy; sÞ ¼ U0s

s2 þ x2

sinhðr�
ffiffiffiffiffi
s

m2

r
yÞ

F1ðsÞ

2
664

3
775; ð3:10Þ

respectively, where

p ¼
ffiffiffiffi
s

m1

r
h; ð3:11Þ

q ¼
ffiffiffiffi
s

m2

r
h; ð3:12Þ

r ¼
ffiffiffiffi
s

m2

r
H; ð3:13Þ
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F1ðsÞ ¼ coshðpÞ sinhðr� qÞ þ a sinhðpÞ coshðr� qÞ; ð3:14Þ
and a is as defined in (2.24).

Each of Eqs. (3.9) and (3.10) has simple poles at s ¼ ix and

s ¼ �ix. Also, each of these equations has infinite number of

poles which lie on the negative real axis at s ¼ �k2m, where km is

a real number and m is the index number (an integer) of the
pole. Here, km can be obtained from the following equation:

a tanðkm hffiffiffiffi
m1

p Þ ¼ � tanðkm ðH� hÞffiffiffiffi
m2

p Þ: ð3:15Þ

The steady periodic velocity fields for the lower and upper flu-
ids are related to the simple poles at s ¼ ix and s ¼ �ix,
whereas the poles located at s ¼ �k2m are responsible for the

transient velocity fields.

The Laplace inverse for ~u1ðy; sÞ, (3.9), and ~u2ðy; sÞ, (3.10),
can be computed, respectively, from the following relations [4]:

u1ðy; tÞ ¼
X1
m¼1

Res½ ~u1ðy; sÞ��k2m
þ Res½ ~u1ðy; sÞ�ix þ Res½ ~u1ðy; sÞ��ix;

ð3:16Þ

u2ðy; tÞ ¼
X1
m¼1

Res½ ~u2ðy; sÞ��k2m
þ Res½ ~u2ðy; sÞ�ix þ Res½ ~u2ðy; sÞ��ix;

ð3:17Þ
where Res stands for the residue.

The steady periodic velocity field for the lower fluid can be
found by evaluating residues at s ¼ ix and s ¼ �ix, which

yields

u1sðy; tÞ ¼ U0

A2 þ B2
½�ðg1ðyÞAþ g2ðyÞBÞ½

þ coshð
ffiffiffiffiffiffiffi
x
2m1

r
yÞ cosð

ffiffiffiffiffiffiffi
x
2m1

r
yÞðA2 þ B2Þ� cosðxtÞ

� ½g1ðyÞB� g2ðyÞAþ sinhð
ffiffiffiffiffiffiffi
x
2m1

r
yÞ sinð

ffiffiffiffiffiffiffi
x
2m1

r
yÞðA2 þ B2Þ� sinðxtÞ

	
:

ð3:18Þ

In a similar way the steady periodic velocity field for the upper
fluid can be determined, which is

u2sðy; tÞ ¼ U0

A2 þ B2
ðg3ðyÞAþ g4ðyÞBÞ cosðxtÞ½

�ðg4ðyÞA� g3ðyÞBÞ sinðxtÞ�: ð3:19Þ
In expressions (3.18) and (3.19), the constants A and B are
defined as follows:

A ¼ a cosðaÞ sinhðaÞ cosðb� cÞ coshðb� cÞ
� a sinðaÞ coshðaÞ sinðb� cÞ sinhðb� cÞ
� cosðaÞ coshðaÞ cosðb� cÞ sinhðb� cÞ
þ sinðaÞ sinhðaÞ sinðb� cÞ coshðb� cÞ;

ð3:20Þ

B ¼ a cosðaÞ sinhðaÞ sinðb� cÞ sinhðb� cÞ þ a sinðaÞ
� coshðaÞ cosðb� cÞ coshðb� cÞ � sinðaÞ sinhðaÞ
� cosðb� cÞ sinhðb� cÞ � cosðaÞ coshðaÞ sinðb
� cÞ coshðb� cÞ; ð3:21Þ

with

a ¼
ffiffiffiffiffiffiffi
x
2m1

r
h; ð3:22Þ
b ¼
ffiffiffiffiffiffiffi
x
2m2

r
h; ð3:23Þ

c ¼
ffiffiffiffiffiffiffi
x
2m2

r
H; ð3:24Þ

and a is as defined in Eq. (2.24).
The functions g1ðyÞ; g2ðyÞ; g3ðyÞ, and g4ðyÞ are defined as

follows:

g1ðyÞ ¼� sinðeÞ coshðeÞ a sinðaÞ sinhðaÞ cosðb� cÞ coshðb� cÞ½
þ a cosðaÞ coshðaÞ sinðb� cÞ sinhðb� cÞ
� cosðaÞ sinhðaÞ sinðb� cÞ coshðb� cÞ
� sinðaÞ coshðaÞ cosðb� cÞ sinhðb� cÞ�
þ cosðeÞ sinhðeÞ a cosðaÞ coshðaÞ cosðb� cÞ½
coshðb� cÞ � a sinðaÞ sinhðaÞ sinðb� cÞ sinhðb� cÞ
� cosðaÞ sinhðaÞ cosðb� cÞ sinhðb� cÞ
þ sinðaÞ coshðaÞ sinðb� cÞ coshðb� cÞ�;

ð3:25Þ
g2ðyÞ ¼ sinðeÞ coshðeÞ a cosðaÞ coshðaÞ cosðb� cÞ coshðb� cÞ½

�a sinðaÞ sinhðaÞ sinðb� cÞ sinhðb� cÞ
� cosðaÞ sinhðaÞ cosðb� cÞ sinhðb� cÞ
þ sinðaÞ coshðaÞ sinðb� cÞ coshðb� cÞ�
þ cosðeÞ sinhðeÞ a sinðaÞ sinhðaÞ cosðb� cÞ coshðb� cÞ½
þa cosðaÞ coshðaÞ sinðb� cÞ sinhðb� cÞ
� cosðaÞ sinhðaÞ sinðb� cÞ coshðb� cÞ
� sinðaÞ coshðaÞ cosðb� cÞ sinhðb� cÞ�;

ð3:26Þ
g3ðyÞ ¼ cosðc� dÞ sinhðc� dÞ; ð3:27Þ
g4ðyÞ ¼ coshðc� dÞ sinðc� dÞ; ð3:28Þ
with

d ¼
ffiffiffiffiffiffiffi
x
2m2

r
y; ð3:29Þ

e ¼
ffiffiffiffiffiffiffi
x
2m1

r
y: ð3:30Þ

Again, the transient velocity field for the lower fluid can be

obtained by calculating the residues at all s ¼ �k2
m, which

results in

u1tðy; tÞ ¼ �
X1
m¼1

2U0k
3
m

k4m þ x2

F2ðkmÞ sinðkm yffiffiffi
m1

p Þ � F3ðkmÞ cosðkm
yffiffiffi
m1

p Þ
F4ðkmÞ

" #
expð�k2mtÞ:

ð3:31Þ

We follow the similar procedure to determine the transient
velocity field for the upper fluid, yielding

u2tðy; tÞ ¼
X1
m¼1

2U0k
3
m

k4m þ x2

sinðkm ðH�yÞffiffiffi
m2

p Þ
F4ðkmÞ

" #
expð�k2mtÞ: ð3:32Þ

In expressions (3.31) and (3.32),

F2ðkmÞ ¼ � sinðkm hffiffiffiffi
m1

p Þ sinðkm ðH� hÞffiffiffiffi
m2

p Þ

þ a cosðkm hffiffiffiffi
m1

p Þ cosðkm ðH� hÞffiffiffiffi
m2

p Þ; ð3:33Þ

F3ðkmÞ ¼ cosðkm hffiffiffiffi
m1

p Þ sinðkm ðH� hÞffiffiffiffi
m2

p Þ

þ a sinðkm hffiffiffiffi
m1

p Þ cosðkm ðH� hÞffiffiffiffi
m2

p Þ; ð3:34Þ
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F4ðkmÞ ¼ ðH� hÞffiffiffiffi
m2

p cosðkm hffiffiffiffi
m1

p Þ cosðkm ðH� hÞffiffiffiffi
m2

p Þ

�

�a sinðkm hffiffiffiffi
m1

p Þ sinðkm ðH� hÞffiffiffiffi
m2

p Þ
�

þ hffiffiffiffi
m1

p � sinðkm hffiffiffiffi
m1

p Þ sinðkm ðH� hÞffiffiffiffi
m2

p Þ



þa cosðkm hffiffiffiffi
m1

p Þ cosðkm ðH� hÞffiffiffiffi
m2

p Þ
�	

: ð3:35Þ

Now, in accordance with (3.16) and (3.17), the complete veloc-

ity field for each of the lower and upper fluids is the sum of the
respective steady periodic and transient velocity fields. There-
fore, the complete velocity fields for the lower and the upper

fluids are

u1ðy; tÞ ¼ u1sðy; tÞ þ u1tðy; tÞ; ð3:36Þ
u2ðy; tÞ ¼ u2sðy; tÞ þ u2tðy; tÞ; ð3:37Þ

respectively. Here, u1sðy; tÞ; u1tðy; tÞ; u2sðy; tÞ, and u2tðy; tÞ are
given by (3.18), (3.31), (3.19), and (3.32), respectively.
3.2.1.2. Calculation of wall shear stresses. The velocity fields for
both the lower and upper fluids have been explicitly obtained.

We now are interested in evaluating the shear stresses at the
plates. The steady-state and transient shear stresses in the
lower fluid can be calculated by plugging the expressions

(3.18) and (3.31) in the formula given by the Eq. (2.28), respec-
tively, obtaining

s1sðy; tÞ ¼ l1U0

A2 þ B2
cosðxtÞ½�ðg01ðyÞAþ g02ðyÞBÞ
�

þ
ffiffiffiffiffiffiffi
x
2m1

r
ðsinhðeÞ cosðeÞ � sinðeÞ coshðeÞÞðA2 þ B2Þ�

� sinðxtÞ½g01ðyÞB� g02ðyÞAþ
ffiffiffiffiffiffiffi
x
2m1

r
ðcoshðeÞ sinðeÞ

þ sinhðeÞ cosðeÞÞðA2 þ B2Þ��; ð3:38Þ
s1tðy; tÞ ¼ �

X1
m¼1

ð 2l1U0k
4
mffiffiffiffi

m1
p ðk4m þ x2ÞÞ

�
F2ðkmÞ cosðkm yffiffiffi

m1
p Þ þ F3ðkmÞ sinðkm yffiffiffi

m1
p Þ

F4ðkmÞ

" #
expð�k2mtÞ; ð3:39Þ

respectively. Here, the constants A and B are as defined in
(3.20) and (3.21). The functions g1ðyÞ and g2ðyÞ are as defined
in (3.25) and (3.26). And e is as defined in (3.30). Also,

F2ðkmÞ;F3ðkmÞ, and F4ðkmÞ are as defined in (3.33)–(3.35),
respectively. Note that here primes denote differentiation with
respect to y.

Again, we can evaluate the steady-state and transient shear
stresses in the upper fluid by plugging, respectively, the expres-
sions (3.19) and (3.32) in the formula given by Eq. (2.28),

yielding

s2sðy; tÞ ¼ l2U0

A2 þ B2
ðg03ðyÞAþ g04ðyÞBÞ cosðxtÞ � ðg04ðyÞA� g03ðyÞBÞ sinðxtÞ
� 


;

ð3:40Þ

s2tðy; tÞ ¼ �
X1
m¼1

2l2U0k
4
mffiffiffiffi

m2
p ðk4m þ x2Þ

cosðkm ðH�yÞffiffiffi
m2

p Þ
F4ðkmÞ

" #
expð�k2mtÞ; ð3:41Þ

respectively. Here, the functions g3ðyÞ and g4ðyÞ are as defined
in (3.27) and (3.28).
The steady periodic and transient shear stresses at the oscil-
lating plate can be evaluated by substituting y ¼ 0 into expres-
sions (3.38) and (3.39), respectively, obtaining

s1wsð0; tÞ ¼ l1U0

A2 þ B2

ffiffiffiffiffiffiffi
x
2m1

r
cosðxtÞ½�ðð�K1 þ K2ÞAþ ðK1 þ K2ÞBÞ�½

� sinðxtÞ½ð�K1 þ K2ÞB� ðK1 þ K2ÞA��;
ð3:42Þ

s1wtð0; tÞ ¼ �
X1
m¼1

ð 2l1U0k
4
mffiffiffiffi

m1
p ðk4m þ x2ÞÞ

F2ðkmÞ
F4ðkmÞ
� 	

expð�k2mtÞ; ð3:43Þ

respectively. Here, the constants K1 and K2 are defined as

follows:

K1 ¼ a sinðaÞ sinhðaÞ cosðb� cÞ coshðb� cÞ

þa cosðaÞ coshðaÞ sinðb� cÞ sinhðb� cÞ

� cosðaÞ sinhðaÞ sinðb� cÞ coshðb� cÞ

� sinðaÞ coshðaÞ cosðb� cÞ sinhðb� cÞ;

ð3:44Þ

K2 ¼ a cosðaÞ coshðaÞ cosðb� cÞ coshðb� cÞ
�a sinðaÞ sinhðaÞ sinðb� cÞ sinhðb� cÞ
� cosðaÞ sinhðaÞ cosðb� cÞ sinhðb� cÞ
þ sinðaÞ coshðaÞ sinðb� cÞ coshðb� cÞ;

ð3:45Þ

where a; a; b, and c are as defined in Eqs. (2.24) and (3.22)–
(3.24), respectively.

Again, the steady periodic and transient shear stresses at
the stationary plate can be calculated by putting y ¼ H in

expressions (3.40) and (3.41), respectively, yielding

s2wsðH; tÞ ¼ � l2U0

A2 þ B2

ffiffiffiffiffiffiffi
x
2m2

r
ðAþ BÞ cosðxtÞ � ðA� BÞ sinðxtÞ½ �;

ð3:46Þ

s2wtðH; tÞ ¼ �
X1
m¼1

2l2U0k
4
mffiffiffiffi

m2
p ðk4m þ x2Þ

expð�k2mtÞ
F4ðkmÞ

� 	
; ð3:47Þ

respectively.

3.2.1.3. Special case: single-layer limit. The two-layer fluid flow

problem reduces to a single-layer one when h, the thickness of
the lower fluid, becomes equal to H or zero. We note that H is
the distance between the plates. If we let h ¼ H; l1 ¼ l2 ¼ l
(say the viscosity of the single-layer fluid), and m1 ¼ m2 ¼ m
(say the kinematic viscosity of the single-layer fluid) in the
steady periodic velocity field for lower fluid, (3.18), we obtain
steady-state velocity field for the single-layer fluid flow. Simi-

larly, the transient velocity field for the single-layer fluid flow
can be obtained from expression (3.31). The results for the
steady-periodic and transient velocity fields are

ucsscðy; tÞ ¼ U0

A2
1 þ B2

1

ðf1ðyÞA1 þ f2ðyÞB1Þ cosðxtÞ½

�ðf2ðyÞA1 � f1ðyÞB1Þ sinðxtÞ�; ð3:48Þ

uctscðy; tÞ ¼
X1
m¼1

2U0k
3
m

ffiffiffi
m

p

k4m þ x2

sinðkm ðH�yÞffiffi
m

p Þ
H cosðkm ðHÞffiffi

m
p Þ

" #
expð�k2mtÞ; ð3:49Þ

respectively. Here, the functions f1ðyÞ and f2ðyÞ are defined as

follows:

f1ðyÞ ¼ cosð
ffiffiffiffiffi
x
2m

r
ðH� yÞÞ sinhð

ffiffiffiffiffi
x
2m

r
ðH� yÞÞ; ð3:50Þ

f2ðyÞ ¼ coshð
ffiffiffiffiffi
x
2m

r
ðH� yÞÞ sinð

ffiffiffiffiffi
x
2m

r
ðH� yÞÞ: ð3:51Þ
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The constants A1 and B1 are defined as the following:

A1 ¼ cosð
ffiffiffiffiffi
x
2m

r
HÞ sinhð

ffiffiffiffiffi
x
2m

r
HÞ; ð3:52Þ

B1 ¼ sinð
ffiffiffiffiffi
x
2m

r
HÞ coshð

ffiffiffiffiffi
x
2m

r
HÞ: ð3:53Þ

We note that km can be found by the following relation:

km ¼ m

ffiffiffi
m

p
H

p; m ¼ 1; 2; 3; . . . ; ð3:54Þ
which is deduced from Eq. (3.15).

The complete velocity field for the single-layer fluid is the
sum of the steady-state velocity field, (3.48) and the transient
velocity field, (3.49). The transient dies out as the time t

progresses.
We note that some hints on the above deductions for the

single-layer fluid are given in Appendix B, which a reader

might find helpful.
Note that the steady-state and transient velocity fields for a

single-layer flow, (3.48) and (3.49), can also be deduced from

steady-state and transient velocity fields for the upper fluid,
(3.19) and (3.32), respectively. In order to obtain the results,
we need to let h ¼ 0(meaning that the lower fluid ceases to
exist), l1 ¼ l2 ¼ l (say the viscosity of the single-layer fluid),

and m1 ¼ m2 ¼ m (say the kinematic viscosity of the single-
layer fluid) in expressions (3.19) and (3.32). Some helpful hints
about the deductions are given in Appendix B.

It is important to be noted here that the complete velocity
field for the single-layer fluid found here as a special case has
not, so far as we are aware, been previously reported in the

literature.
We can now compute the shear stresses at the oscillating

and fixed plates for the single-layer fluid. We can calculate

steady-state and transient shear stresses at the oscillating plate
by substituting y ¼ 0 into the expressions obtained by plugging
expressions (3.48) and (3.49) in formula (2.28), respectively.
Again, if we put y ¼ H in the expressions, it will result in

steady periodic and transient shear stresses at the fixed plate.
The steady periodic and transient shear stresses at the oscillat-
ing plate are

scsscð0; tÞ ¼ lU0

A2
1 þ B2

1

ðA2A1 þ B2B1Þ cosðxtÞ½

�ðB2A1 � A2B1Þ sinðxtÞ�; ð3:55Þ

sctscð0; tÞ ¼ �
X1
m¼1

2lU0k
4
m

Hðk4m þ x2Þ expð�k2mtÞ; ð3:56Þ

respectively. The constants A2 and B2 are defined as follows:

A2 ¼
ffiffiffiffiffi
x
2m

r
sinð

ffiffiffiffiffi
x
2m

r
HÞ sinhð

ffiffiffiffiffi
x
2m

r
HÞ � cosð

ffiffiffiffiffi
x
2m

r
HÞ coshð

ffiffiffiffiffi
x
2m

r
HÞ

� 	
; ð3:57Þ

B2 ¼ �
ffiffiffiffiffi
x
2m

r
sinð

ffiffiffiffiffi
x
2m

r
HÞ sinhð

ffiffiffiffiffi
x
2m

r
HÞ þ cosð

ffiffiffiffiffi
x
2m

r
HÞ coshð

ffiffiffiffiffi
x
2m

r
HÞ

� 	
: ð3:58Þ

Again, the steady-state and transient shear stresses at the sta-
tionary plate are

scsscðH; tÞ ¼ � lU0

A2
1 þ B2

1

ffiffiffiffiffi
x
2m

r
ðA1 þ B1Þ cosðxtÞ½

�ðA1 � B1Þ sinðxtÞ�; ð3:59Þ

sctscðH; tÞ ¼ �
X1
m¼1

2lU0k
4
m

k4m þ x2

1

H cosðkm ðHÞffiffi
m

p Þ

" #
expð�k2mtÞ; ð3:60Þ

respectively.
3.2.2. Solution for the sine oscillations of the plate

3.2.2.1. Calculation of velocity fields. In order to obtain the
velocity fields for the lower and upper fluids, we need to obtain

solution to the initial-boundary value problem consists of gov-
erning Eqs. (2.1) and (2.2) and initial and boundary conditions
(3.2)–(3.7). We note that the mathematical problem is the same
as the one we have tackled earlier in this section, except that

condition (3.2) replaces condition (3.1). Therefore, to deal with
the initial-boundary value problem in hand, we adopt the same
procedure that we have followed earlier.

The steady periodic and transient velocity fields for the
lower fluid are

u1sðy; tÞ ¼ U0

A2 þ B2
½g1ðyÞB� g2ðyÞA½

þ sinhðeÞ sinðeÞðA2 þ B2Þ� cosðxtÞþ½�ðg1ðyÞA
þ g2ðyÞBÞ þ coshðeÞ cosðeÞðA2 þ B2Þ� sinðxtÞ�; ð3:61Þ

u1tðy; tÞ ¼
X1
m¼1

2U0xkm
k4
m þ x2

F2ðkmÞ sinðkm
yffiffiffi
m1

p Þ � F3ðkmÞ cosðkm
yffiffiffi
m1

p Þ
F4ðkmÞ

" #
expð�k2mtÞ;

ð3:62Þ
respectively. And the steady periodic and transient velocity
fields for the upper fluid are

u2sðy; tÞ ¼ U0

A2 þ B2
ðg4ðyÞA� g3ðyÞBÞ cosðxtÞ½

þðg3ðyÞAþ g4ðyÞBÞ sinðxtÞ�; ð3:63Þ

u2tðy; tÞ ¼ �
X1
m¼1

2U0xkm
k4m þ x2

sinðkm ðH�yÞffiffiffi
m2

p Þ
F4ðkmÞ

" #
expð�k2mtÞ; ð3:64Þ

respectively.
In the above expressions the constants A and B are as

defined in Eqs. (3.20) and (3.21). The functions
g1ðyÞ; g2ðyÞ; g3ðyÞ; g4ðyÞ, and e are as defined in Eqs. (3.25)–
(3.28) and (3.30). Also F2ðkmÞ;F3ðkmÞ, and F4ðkmÞ are as

defined in Eqs. (3.33)–(3.35).
Note that the complete velocity field for each of the lower

and upper fluids is the sum of the corresponding steady peri-

odic and transient velocity fields. Accordingly, the complete
velocity fields for the lower and upper fluids are

u1ðy; tÞ ¼ u1sðy; tÞ þ u1tðy; tÞ; ð3:65Þ
u2ðy; tÞ ¼ u2sðy; tÞ þ u2tðy; tÞ; ð3:66Þ

respectively. Here, u1sðy; tÞ; u1tðy; tÞ; u2sðy; tÞ, and u2tðy; tÞ are
given by Eqs. (3.61)–(3.64), respectively.

3.2.2.2. Calculation of wall shear stresses. As the velocity fields
for both the lower and upper fluids have been obtained, we can

now compute the shear stresses at the oscillating and fixed
plates. The steady periodic and transient shear stresses in the
lower fluid can be found by substituting expressions (3.61)

and (3.62) into formula (2.28), respectively. The results are

s1sðy; tÞ ¼ l1U0

A2 þ B2
cosðxtÞ½g01ðyÞB� g02ðyÞA
�

þ
ffiffiffiffiffiffiffi
x
2m1

r
ðsinhðeÞ cosðeÞ þ sinðeÞ coshðeÞÞðA2 þ B2Þ�

þ sinðxtÞ½�ðg01ðyÞAþ g02ðyÞBÞ þ
ffiffiffiffiffiffiffi
x
2m1

r
ðsinhðeÞ cosðeÞ

� sinðeÞ coshðeÞÞðA2 þ B2Þ�
; ð3:67Þ



Stokes’ second problem and oscillatory Couette flow for a two-layer fluid 10207
s1tðy; tÞ ¼
X1
m¼1

ð 2l1U0xk
2
mffiffiffiffiffi

m1
p ðk4m þ x2ÞÞ

F2ðkmÞ cosðkm yffiffiffi
m1

p Þ þ F3ðkmÞ sinðkm yffiffiffi
m1

p Þ
F4ðkmÞ

" #
expð�k2mtÞ;

ð3:68Þ

respectively. Here, the constants A and B are as defined in

(3.20) and (3.21). The functions g1ðyÞ and g2ðyÞ are as defined
in (3.25) and (3.26). And e is as defined in (3.30). Also,
F2ðkmÞ;F3ðkmÞ, and F4ðkmÞ are as defined in (3.33)–(3.35). Here

primes denote differentiation with respect to y.
Again, the steady periodic and transient shear stresses in

the upper fluid can be obtained by plugging expressions

(3.63) and (3.64), respectively, in formula (2.28), yielding

s2sðy; tÞ ¼ l2U0

A2 þ B2
ðg04ðyÞA� g03ðyÞBÞ cosðxtÞ
�

þðg03ðyÞAþ g04ðyÞBÞ sinðxtÞ


; ð3:69Þ

s2tðy; tÞ ¼
X1
m¼1

2l2U0xk
2
mffiffiffiffi

m2
p ðk4m þ x2Þ

cosðkm ðH�yÞffiffiffi
m2

p Þ
F4ðkmÞ

" #
expð�k2mtÞ; ð3:70Þ

respectively. Here, the functions g3ðyÞ and g4ðyÞ are as defined
in (3.27) and (3.28).

We can now determine steady-state and transient shear
stresses at the oscillating plate by substituting y ¼ 0 into

Eqs. (3.67) and (3.68), respectively. And the results are

s1wsð0; tÞ ¼ l1U0

A2þB2

ffiffiffiffiffi
x
2m1

q
cosðxtÞ½ð�K1 þ K2ÞB� ðK1 þ K2ÞA�½

� sinðxtÞ½ð�K1 þ K2ÞAþ ðK1 þ K2ÞB��;
ð3:71Þ

s1wtð0; tÞ ¼
X1
m¼1

ð 2l1U0xk
2
mffiffiffiffi

m1
p ðk4m þ x2ÞÞ

F2ðkmÞ
F4ðkmÞ
� 	

expð�k2mtÞ; ð3:72Þ

respectively. Where K1 and K2 are as defined (3.44) and (3.45).

Again, We can evaluate steady-state and transient shear
stresses at the stationary plate by putting y ¼ H in Eqs.
(3.69) and (3.70), respectively, obtaining

s2wsðH; tÞ ¼ � l2U0

A2 þ B2

ffiffiffiffiffiffiffi
x
2m2

r
ðA� BÞ cosðxtÞ½

þðAþ BÞ sinðxtÞ�; ð3:73Þ

s2wtðH; tÞ ¼
X1
m¼1

2l2U0xk
2
mffiffiffiffi

m2
p ðk4m þ x2Þ

expð�k2mtÞ
F4ðkmÞ

� 	
: ð3:74Þ
3.2.2.3. Special case: single-layer limit. The steady periodic and
transient velocity fields for oscillatory Couette flow for a
single-layer fluid, (3.48) and (3.49), have been deduced earlier

in this section as a special case. The velocity fields correspond
to the case where the plate oscillates as U0 cosðxtÞ (the cosine
oscillations). We adopt the same procedure to deduce the

steady-state and transient velocity fields for oscillatory Couette
flow for a single-layer fluid related to the sine oscillations of
the plate from the corresponding velocity fields for the lower
fluid, (3.61) and (3.62). The steady periodic and transient

velocity fields are

usscðy; tÞ ¼ U0

A2
1 þ B2

1

ðf2ðyÞA1 � f1ðyÞB1Þ cosðxtÞ½

þðf1ðyÞA1 þ f2ðyÞB1Þ sinðxtÞ�; ð3:75Þ

utscðy; tÞ ¼ �
X1
m¼1

2U0xkm
ffiffiffi
m

p

k4m þ x2

sinðkm ðH�yÞffiffi
m

p Þ
H cosðkm ðHÞffiffi

m
p Þ

" #
expð�k2mtÞ; ð3:76Þ
respectively. Here, the functions f1ðyÞ and f2ðyÞ are as defined

in Eqs. (3.50) and (3.51). The constants A1 and B1 are given by
Eqs. (3.52) and (3.53). Also, km can be found from Eq. (3.54).

It is worth mentioning here that the results deduced above

for the single-layer fluid are consistent with those that can be
obtained from Khaled and Vafai[4] for the same flow.

Note that the preceding steady-state and transient velocity
fields for a single-layer fluid can also be deduced from the cor-

responding velocity fields for the upper fluid, (3.63) and (3.64),
by adopting the procedure outlined earlier in this section.

We can now evaluate shear stresses at the oscillating and

fixed plates related to the flow of the single-layer fluid. We
can compute the shear stresses in the same manner as that
we have adopted earlier in this section. The results for the

steady periodic and transient shear stresses at the oscillating
plate are

scsscð0; tÞ ¼ lU0

A2
1 þ B2

1

ðB2A1 � A2B1Þ cosðxtÞ½

þðA2A1 þ B2B1Þ sinðxtÞ�; ð3:77Þ

sctscð0; tÞ ¼
X1
m¼1

2lU0xk
2
m

Hðk4m þ x2Þ expð�k2mtÞ; ð3:78Þ

respectively. Here, A2 and B2 are as defined in Eqs. (3.57) and

(3.58), respectively. The results for the steady-state and tran-
sient shear stresses at the stationary plate are

scsscðH; tÞ ¼ � lU0

A2
1 þ B2

1

ffiffiffiffiffi
x
2m

r
ðA1 � B1Þ cosðxtÞ½

þðA1 þ B1Þ sinðxtÞ�; ð3:79Þ

sctscðH; tÞ ¼
X1
m¼1

2lU0xk
2
m

k4m þ x2

1

H cosðkm Hffiffi
m

p Þ

" #
expð�k2mtÞ; ð3:80Þ

respectively.

We note here that, as far as we are aware, complete wall
shear stresses related to Couette flow due to the cosine or
the sine oscillations of the plate have not been previously

reported in the literature. A complete shear stress is the sum
of steady periodic and transient shear stresses.

4. Results and illustrative examples

In this work, we have studied Stokes’ second problem and
oscillatory Couette flow for a two-layer fluid. In the Stokes’

problem case, the fluid is bounded only by a oscillating plate
that causes the fluid motion. In the Couette flow case, the fluid
is confined between two parallel plates, one of which oscillates
and induce the fluid motion. In both the cases, we have consid-

ered both the cosine and the sine oscillations of the plate. For
both the Stokes’ problem and the Couette flow, we have
obtained analytical velocity fields consisting of transient and

steady periodic parts for both the layers of fluids. The fluids
have different viscosities, densities, and thicknesses. We have
evaluated transient and steady-state shear stresses at the

boundaries of the flows.
Consider the Stokes’ second problem and the oscillatory

Couette flow for the two-layer fluid where a layer of corn oil
(lighter) lies over a layer of water (heavier). In both the Stokes’

and Couette problems, the water rests on the oscillating plate.
It should be noted that oil over water is encountered in many
practical situations[30]. We can utilize the analytical results
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obtained in the previous sections for Stokes’ second problem
and oscillatory Couette flow for a two-layer fluid to get some
physical insights into the particular flows we have considered

here. For the Stokes’ problem case, We show the effects of
the forms and the frequency of oscillations on the time t to
reach a steady-state flow of each of the lower and the upper

fluids. Also, for the case, we compare wall velocity with
steady-state wall shear stress. Again, for both the Stokes’ prob-
lem and the Couette flow cases, we show the effects of the

forms of oscillations on the transient and steady-state wall
shear stresses. Also, for both the Stokes and the Couette cases,
we demonstrate oscillations in steady-state fluid velocities in
both the lower and upper fluids.

For the particular problems considered here, the values of
the parameters (in the cm-gram-second (cgs) system) are as fol-
lows[30]: the viscosity of the water l1 ¼ 0:01, the kinematic

viscosity of the water m1 ¼ 0:01, the viscosity of the corn oil
l2 ¼ 0:2, the kinematic viscosity of the corn oil m2 ¼ 0:22,
the thickness of the water h ¼ 0:2 , the distance between the

plates (Couette flow) H ¼ 0:5, and the plate velocity amplitude
Fig. 3 A profile for the starting velocity field (solid line) and a profi

fluid when U0 ¼ 2; h ¼ 0:2; l1 ¼ 0:01; m1 ¼ 0:01;l2 ¼ 0:2; m2 ¼ 0:22: (a

oscillates as U0 sinðxtÞ, with x ¼ 0:5, (c) the plate oscillates as U0 co

x ¼ 1. (Stokes’ problem).
U0 ¼ 2. For the graphical representations of the results for the
Couette flow, we have taken 20 terms of the infinite series rep-
resenting the transient parts into account.

Note that henceforth, in this section, by the lower and
upper fluids we mean the water and the corn oil, respectively.

4.1. Stokes’ second problem for a two-layer fluid

In Figs. 3 and 4, every panel depicts a starting velocity profile
for a time and a steady-state velocity profile for the same time

for a case of flow in the lower(water) or upper(corn oil) layer.
We note here that a starting velocity field is the sum of steady-
state and transient velocity fields. In each of the panels, the

starting and steady-state velocity profiles are almost the same,
implying that the transient has died out and the flow has
attained steady-state. The figures show that the time required
for a flow in the lower or upper layer to reach steady-state is

much greater for the sine oscillations(the plate oscillates as
U0 sinðxtÞ) than that for the cosine oscillations. It is also
noticed from the figures that for any given value of x, the
le for the steady-state velocity field (line of asterisks) for the lower

) the plate oscillates as U0 cosðxtÞ, with x ¼ 0:5, (b) the plate

sðxtÞ, with x ¼ 1, and (d) the plate oscillates as U0 sinðxtÞ, with



Fig. 4 A profile for the starting velocity field (solid line) and a profile for the steady-state velocity field (line of asterisks) for the upper

fluid when U0 ¼ 2; h ¼ 0:2;l1 ¼ 0:01; m1 ¼ 0:01; l2 ¼ 0:2; m2 ¼ 0:22: (a) the plate oscillates as U0 cosðxtÞ, with x ¼ 0:5, (b) the plate

oscillates as U0 sinðxtÞ, with x ¼ 0:5, (c) the plate oscillates as U0 cosðxtÞ, with x ¼ 1, and (d) the plate oscillates as U0 sinðxtÞ, with
x ¼ 1. (Stokes’ problem).
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oscillations frequency of the plate, the time needed to reach
steady-state velocity in the lower fluid is much less than that

in the upper fluid. The finding holds true for both forms of
oscillations of the plate. As seen from Fig. 3, when x ¼ 0:5,
the fluid motion in the lower layer becomes steady periodic

around t ¼ 4 when the plated is subjected to the cosine oscilla-
tions, and for the sine oscillations, the required time is t ¼ 14.
Again, when x ¼ 1, the fluid flow in the lower layer attains

steady-state around t ¼ 2 and t ¼ 4 for the cosine and the sine
oscillations of the plate, respectively, as noticed from the same
figure. Regarding the upper layer of fluid, Fig. 4 shows that
when x ¼ 0:5, the flows corresponding to the cosine and the

sine oscillations of the plate attain steady-state about t ¼ 18
and t ¼ 160, respectively. Again, when x ¼ 1, the upper fluid
flow reaches steady-state around t ¼ 8 when the plate is sub-

jected to the cosine oscillations, and for the sine oscillations
of the plate, the required time is t ¼ 90, as noticed from the
same figure.
Fig. 5 gives transient velocity profiles for three given times
for the lower and upper fluids. Fig. 5a and b illustrate profiles

corresponding to the cosine and the sine oscillations of the
plate, respectively. It is noticed from the figure that the tran-
sient velocity (absolute value) decreases rapidly at initial stages

but after some time the rate of decreasing with respect to time
slows down. It is observed for both forms of oscillations of the
plate. Also, the following pieces of information are obtained

from the figure. When the plate oscillates as
U0 cosðxtÞ(Fig. 5a), at t ¼ 1, the maximum transient velocity
(absolute value) in the lower fluid is slightly greater than
0.12 and it occurs at just over y ¼ 0:1. At the same time, the

maximum transient velocity (absolute value) in the upper fluid
is slightly greater than 0.05 and it occurs at the interface of the
fluids(y ¼ 0:2). Again, when the plate oscillates as

U0 sinðxtÞ(Fig. 5b), at t ¼ 1, the maximum transient velocity
(absolute value) in the lower fluid is 0.125, it occurs at
y ¼ 0:15. At the same time, the maximum transient velocity



Fig. 5 Profiles for the transient velocity fields for the lower (solid lines) and upper (broken lines) fluids when

U0 ¼ 2; h ¼ 0:2; l1 ¼ 0:01; m1 ¼ 0:01;l2 ¼ 0:2; m2 ¼ 0:22, and x ¼ 1: (a) the plate oscillates as U0 cosðxtÞ, and (b) the plate oscillates as

U0 sinðxtÞ. (Stokes’ problem).

Fig. 6 Steady-state velocity profiles for the lower (solid lines) and upper (broken lines) fluids when

U0 ¼ 2; h ¼ 0:2;l1 ¼ 0:01; m1 ¼ 0:01;l2 ¼ 0:2; m2 ¼ 0:22, and x ¼ 1: (a) the plate oscillates as U0 cosðxtÞ, and (b) the plate oscillates as

U0 sinðxtÞ. (Stokes’ problem) (Use color in print).
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(absolute value) in the upper fluid is slightly greater than 0.11
and it occurs at the interface of the fluids.

Fig. 6 shows steady periodic velocity profiles in the lower
and upper fluids. Fig. 6a and b depict profiles corresponding
to the cosine and the sine oscillations of the plate, respectively.

Oscillations in the fluid velocities in both the layers are noticed
from the figure, as expected.

Fig. 7 illustrates transient wall shear stresses related to the

cosine and the sine oscillations of the plate. Thefigure shows that
at very small times the magnitude of transient wall shear stress
for the cosine oscillations of plate is significantly bigger than that
corresponding to the sine oscillations. However, in both the

cases the transient wall shear stress dies out at around t ¼ 1:5.
Fig. 8 depicts steady-state wall shear stresses related to the

cosine and the sine oscillations of the plate. Two intervals of
time have been considered: a) the duration of motion
t 2 ½0; 30�, and b) the duration of motion t 2 ½0; 100�. It is

noticed from the figure that for all times, excepting for very
small times, the steady-state wall shear stresses corresponding
to the cosine and the sine oscillations of the plate have similar

amplitudes with a phase difference.
Fig. 9 compares steady-state wall shear stress with wall

velocity. Fig. 9a considers the cosine oscillations of the plate

whereas Fig. 9b do the sine oscillations of the plate. It is seen
from the figure that for both the cosine and the sine oscilla-
tions of the plate, wall shear stress lags behind wall velocity.
This can also be seen from expressions for steady-state wall

shear stresses, which can be obtained from (2.29) and (2.34),
corresponding to wall velocity U0 cosðxtÞ and U0 sinðxtÞ,
respectively.



Fig. 7 The transient shear stress at the plate when U0 ¼ 2; h ¼ 0:2; l1 ¼ 0:01; m1 ¼ 0:01;l2 ¼ 0:2; m2 ¼ 0:22, and x ¼ 1. (Stokes’

problem).

Fig. 8 The steady-state shear stress at the plate when U0 ¼ 2; h ¼ 0:2;l1 ¼ 0:01; m1 ¼ 0:01;l2 ¼ 0:2; m2 ¼ 0:22, and x ¼ 1: (a) the

duration of motion t 2 ½0; 30�, and (b) the duration of motion t 2 ½0; 100�. (Stokes’ problem).
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4.2. Oscillatory Couette flow for a two-layer fluid

Fig. 10 illustrates transient velocity profiles for the lower(wa-
ter) and upper(corn oil) fluids for the cosine and the sine oscil-
lations of the plate. Profiles corresponding to the cosine

oscillations of the plate are presented in Fig. 10a, and those
related to the sine oscillations are depicted in Fig. 10b. It is
noticed from the figure that the transient velocities for both

the lower and upper fluids die out very rapidly for both the
forms of oscillations of the plate. The transient velocities dis-
appear rapidly because of exponentials in their expressions,

(3.31),(3.32), (3.62), and (3.64). On Fig. 10a, at t ¼ 0:1, the
maximum velocity (absolute value) in the lower fluid is about
0.3, and it occurs around y ¼ 0:05 and y ¼ 0:14. At the same
time, the maximum velocity (absolute value) in the upper fluid

is approximately 0.1, which occurs at y ¼ 0:2 (i.e. at the inter-
face of the fluids). On Fig. 10b, at t ¼ 0:1, the maximum veloc-
ity (absolute value) in the lower fluid is approximately 0.014,

and it occurs about y ¼ 0:05 and y ¼ 0:14. At the same time,
the maximum velocity (absolute value) in the upper fluid is
0.005, which occurs at the interface of the fluids.

Fig. 11 shows steady periodic velocity profiles for the lower
and upper fluids. Fig. 11a and b illustrate profiles related to the
cosine and the sine oscillations of the plate, respectively. Oscil-
lations in fluid velocities for both the fluids are noticed from

the figure, as expected.



Fig. 9 Wall velocity (broken line) and steady-state wall shear stress (solid line) when

U0 ¼ 2; h ¼ 0:2; l1 ¼ 0:01; m1 ¼ 0:01;l2 ¼ 0:2; m2 ¼ 0:22, and x ¼ 1: (a) the plate oscillates as U0 cosðxtÞ, and (b) the plate oscillates as

U0 sinðxtÞ. (Stokes’ problem).

Fig. 10 Profiles for the transient velocity fields for the lower (solid lines) and upper (broken lines) fluids when

U0 ¼ 2; h ¼ 0:2;H ¼ 0:5; l1 ¼ 0:01; m1 ¼ 0:01;l2 ¼ 0:2; m2 ¼ 0:22, and x ¼ 1: (a) the plate oscillates as U0 cosðxtÞ, and (b) the plate

oscillates as U0 sinðxtÞ. (Couette flow) (Use color in print).
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Fig. 12 illustrates transient shear stresses at the oscillating
and fixed plates. Both the forms of oscillations of the plate

are considered in the figure. While panel (a) illustrates tran-
sient shear stress at the oscillating plate, panel (b) depicts tran-
sient shear stress at the fixed plate. It is noticed from the figure

that at both the plates, the transient shear stress corresponding
to the sine oscillations of the plate is zero for all values of time
t. Contrary to the sine oscillations, the magnitudes of the tran-

sient shear stresses at the plates related to the cosine oscilla-
tions of the plate are quite significant for very small values
of time t. However, these transient shear stresses related to
the cosine oscillations of the plate disappear very rapidly.

Figs. 13 and 14 illustrate steady-state shear stresses at the
oscillating and stationary plates, respectively. Both the cosine
and the sine oscillations of the plate are considered in the fig-

ures. In both the figures, two intervals of time t have been con-
sidered: t 2 ½0; 30�(panel (a)) and t 2 ½0; 100� (panel (b)). The
steady periodic shear stresses at the oscillating plate for the
cosine and the sine oscillations of the plate have similar ampli-

tudes with a phase difference for all the times, with the excep-
tions for very small times, as seen from Fig. 13. The same
pattern is observed for steady-state shear stresses at the fixed

plate for the cosine and the sine oscillations of the plate, as
noticed from Fig. 14.
5. Conclusions

In this paper, we have mathematically analyzed the unsteady
motion of a two-layer fluid, in both semi-infinite (Stokes’ prob-

lem) and wall-bounded (Couette flow) domains, caused by an
oscillating flat plate. Both cosine and sine oscillations of the
plate have been considered. Initially, the fluids and the plate
have been at rest and then suddenly, the plate starts to oscillate



Fig. 11 Steady-state velocity profiles for the lower (broken lines) and upper (solid lines) fluids when

U0 ¼ 2; h ¼ 0:2;H ¼ 0:5;l1 ¼ 0:01; m1 ¼ 0:01; l2 ¼ 0:2; m2 ¼ 0:22, and x ¼ 1: (a) the plate oscillates as U0 cosðxtÞ, and (b) the plate

oscillates as U0 sinðxtÞ. (Couette flow) (Use color in print).

Fig. 12 The transient shear stresses at the oscillating and fixed plates when

U0 ¼ 2; h ¼ 0:2;H ¼ 0:5;l1 ¼ 0:01; m1 ¼ 0:01; l2 ¼ 0:2; m2 ¼ 0:22, and x ¼ 1: (a) oscillating plate, and (b) stationary plate. (Couette flow).
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in its own plane. The Laplace transform method has been
employed to solve the associated initial-boundary value prob-
lems. And the Bromwich inversion integral and Cauchy’s resi-

due theorem have been utilized to find inverse Laplace
transforms of the velocity fields. For both the layers of fluid,
analytical expressions for starting and steady-state velocity
fields have been obtained. A starting velocity field is the sum

of the transient and steady-state velocity fields and valid for
small values of time t. Explicit expressions for transient and
steady-state velocity fields have been presented. The results

for the velocity fields presented in this paper are new and com-
plete. And the results retrieve related previously reported
results for single-layer fluid flows (can be found in [4]) as spe-

cial cases. Also, we have computed transient and steady-state
shear stresses at the boundaries of the flows. The results for
shear stresses will have been reported in the literature for the

first time.
The mathematical results have been illustrated taking water
and corn oil as lower and upper fluids, respectively. The illus-
trations have helped us gain some physical insights into the

flows of the particular problems considered. For the Stokes’
problem case, it has been found that in both the layers of fluid,
the time required to reach a steady-state flow when the plate is
subjected to cosine oscillations is much less than that when the

plate is subjected to sine oscillations. Again, for a given oscil-
lation frequency of the plate, the lower fluid which is adjacent
to the plate attains a steady-state flow much earlier than the

upper fluid. It holds true for both the cosine and the sine oscil-
lations of the plate. Again, irrespective of the form of oscilla-
tions of the plate and true for both the lower and upper fluids,

when the frequency of oscillations increases, the time to reach
a steady-state flow decreases. Again, the steady-state shear
stresses at the plate related to cosine and sine oscillations of

the plate have similar amplitudes with a phase difference for



Fig. 13 The steady-state shear stress at the oscillating plate when U0 ¼ 2; h ¼ 0:2;H ¼ 0:5; l1 ¼ 0:01; m1 ¼ 0:01;l2 ¼ 0:2; m2 ¼ 0:22, and

x ¼ 1: (a) the duration of motion t 2 ½0; 30�, and (b) the duration of motion t 2 ½0; 100�. (Couette flow).

Fig. 14 The steady-state shear stress at the fixed plate when U0 ¼ 2; h ¼ 0:2;H ¼ 0:5;l1 ¼ 0:01; m1 ¼ 0:01; l2 ¼ 0:2; m2 ¼ 0:22, and

x ¼ 1: (a) the duration of motion t 2 ½0; 30�, and (b) the duration of motion t 2 ½0; 100�. (Couette flow).
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all times, excepting very small times. For the Couette flow case,

it is found that for both cosine and sine oscillations of the
plate, the transient velocity disappears very rapidly in both
the layers of fluid. Again, at both the oscillating and stationary

plates, steady-state shear stresses have similar amplitudes with
a phase difference for all times, excepting very small times.
Note that in the particular problem, we have considered the
case where the thickness of the lower fluid is less than that

of the upper fluid.
It is our believe that the present study deepen our under-

standing of the motion of a two-layer viscous fluid caused by

an oscillating wall in an engineering application. However,
the results of the study may not apply to a case where devia-
tion of the interface (between the layers of fluid) from flat

shape is substantial. But it is worth noting that the analytical
results obtained in this paper could be used for validation of
future numerical works dealing with the motion of a two-
layer fluid induced by an oscillating wall with wavy interface
between the layers of fluid. Moreover, the present study may

provide a basis for some important future researches as men-
tioned in the introduction. Furthermore, the present work
may also be applicable to heat conduction in a two-layer com-

posite solid subject to sinusoidal temperature variation on the
surface.
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Fig. 15 Bromwich contour integral.
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Appendix A. Evaluation of inverse Laplace transform using

Bromwich inversion integral

Here we evaluate L�1 s expð�a
ffiffi
s

p Þ
s2þx2

� �
; a > 0, where L�1 is inverse

Laplace transform operator. The inverse transform has been
utilized to obtain the velocity fields for the lower and upper flu-
ids, (2.25) and (2.26), in Section 2.2.1.

The Laplace transform of a function fðtÞ is defined as
follows:

FðsÞ ¼ LðfðtÞÞ ¼
Z 1

0

fðtÞ expð�stÞdt; ðA:1Þ

where L is Laplace transform operator, and s is transform
variable.

For time t > 0, the inverse Laplace transform of FðsÞ is

given by the following formula:

fðtÞ ¼ L�1ðFðsÞÞ ¼ 1

2pi

Z cþi1

c�i1
FðsÞ expðstÞds: ðA:2Þ

The inversion formula is called the Bromwich inversion inte-
gral[51,52]. In the formula, c is a real number, and it must
be chosen such that all the singularities of FðsÞ (poles, branch
points or essential singularities) lie to the left of the line s ¼ c
in the complex s-plane. The integration in the formula is to be
evaluated along the line s ¼ c. However, in practice, the inte-
gration is performed along a closed contour composed of the

line s ¼ c and a circular arc on the left of the line. This is done
in order to facilitate the use of Cauchy’s residue theorem[54].

For the case in hand,

FðsÞ ¼ s expð�a
ffiffi
s

p Þ
s2 þ x2

� �
: ðA:3Þ

FðsÞ has simple poles at s ¼ �ix and s ¼ ix. Also, since FðsÞ
contains a fractional power, s

1
2, the point s ¼ 0 is a branch

point. We now consider the contour integral

1

2pi

I
C

FðsÞ expðstÞds; ðA:4Þ

where C is the contour of Fig. (15). The contour C is a keyhole

contour. We have drawn the keyhole contour in order to
exclude the branch cut along the negative real axis. The con-
tour C is composed of line AB, circular arc BE, line EF, a small

circle around the origin O of radius �, line GH, and circular arc
HA. Arcs BE and HA are arcs of a circle of radius R with cen-
ter at the origin O. Now, it follows from formula (A.2) that

fðtÞ ¼ lim
R!1

1

2pi

Z cþiL

c�iL

FðsÞ expðstÞds; ðA:5Þ

since L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � c2

p
. Again, it follows from (A.5) that

fðtÞ ¼ lim
R ! 1
� ! 0

1

2pi

I
C

FðsÞ expðstÞds� 1

2pi
f
Z
BE

�

þ
Z
EF

þ
Z
FG

þ
Z
GH

þ
Z
HA

gFðsÞ expðstÞds
	
: ðA:6Þ

Now, on the arcs BE and HA;FðsÞ ! 0 exponentially as

R ! 1, since real part of s
1
2 is positive. Therefore,Z

BE

FðsÞ expðstÞds ¼ 0 and

Z
HA

FðsÞ expðstÞds ¼ 0: ðA:7Þ
We now computeZ
FG

FðsÞ expðstÞds:

We use s ¼ �eih, where h runs from p to �p, to parameterize

the small circle FG. On this circle, s
1
2 ¼ �

1
2e

ih
2 , so thatZ

FG

s expðst� as
1
2Þ

s2 þ x2
ds ¼

Z �p

p

i�2e2ih expð�eiht� a�
1
2e

ih
2 Þ

�2e2ih þ x2
dh:

Therefore, as � ! 0,Z
FG

s expðst� as
1
2Þ

s2 þ x2
ds ¼ 0: ðA:8Þ

To evaluate the integrals along the lines EF and GH, we

parameterize the lines using s ¼ r expðipÞ ¼ �r and
s ¼ r expð�ipÞ ¼ �r, respectively. Along the line

EF; s
1
2 ¼ r

1
2 expðip

2
Þ ¼ ir

1
2, and along the line

GH; s
1
2 ¼ r

1
2 expð�ip

2
Þ ¼ �ir

1
2. Therefore, as � ! 0 and R ! 1,Z

EF

s expðst� as
1
2Þ

s2 þ x2
ds ¼ �

Z 1

0

r expð�rt� iar
1
2Þ

r2 þ x2
dr

andZ
GH

s expðst� as
1
2Þ

s2 þ x2
ds ¼

Z 1

0

r expð�rtþ iar
1
2Þ

r2 þ x2
dr:

Therefore, we have

f
Z
EF

þ
Z
GH

g s expðst� as
1
2Þ

s2 þ x2
ds

¼ 2i

Z 1

0

r expð�rtÞ sinða ffiffi
r

p Þ
r2 þ x2

dr: ðA:9Þ

Using (A.7), (A.8), and (A.9) in (A.6), we have

fðtÞ ¼ lim
R ! 1
� ! 0

1

2pi

I
C

FðsÞ expðstÞds
� 	

� 1

p

Z 1

0

� r expð�rtÞ sinða ffiffi
r

p Þ
r2 þ x2

dr: ðA:10Þ
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Now, as R ! 1, all the poles of the integrand of the integra-

tion around the closed contour C lie within C. The integrand
has simple poles at s ¼ �ix and s ¼ ix, noting that FðsÞ is
given by Eq. (A.3). Therefore, according to Cauchy’s residue

theorem[54],I
C

FðsÞ expðstÞds ¼
I
C

s expðst�as
1
2Þ

s2þx2 ds

¼ 2pi lim
s!�ix

ðsþ ixÞ s expðst�as
1
2Þ

s2þx2


 ��

þ lim
s!ix

ðs� ixÞ s expðst�as
1
2Þ

s2þx2


 �	

¼ 2pi exp �a
ffiffiffi
x
2

p� �
cos xt� a

ffiffiffi
x
2

p� �
:

ðA:11Þ

We now use (A.11) in (A.10) to obtain the following result:

L�1 s expð�a
ffiffi
s

p Þ
s2 þ x2

� �
¼ exp �a

ffiffiffiffi
x
2

r� �
cos xt� a

ffiffiffiffi
x
2

r� �

� 1

p

Z 1

0

r expð�rtÞ sinða ffiffi
r

p Þ
r2 þ x2

dr; ðA:12Þ

for a > 0.

Appendix B. Deduction of velocity field for oscillatory Couette

flow for a single-layer fluid as a special case, when the plate

oscillates as U0 cosðxtÞ

B.1. Deduction from the velocity field for the lower fluid

Here we provide hints about the deductions of the steady peri-

odic and transient velocity fields for oscillatory Couette flow
for a single-layer fluid, (3.48) and (3.49), respectively, in Sec-
tion 3.2.1. The deductions are made from the steady periodic

and transient velocity fields for the lower fluid, (3.18) and
(3.31), in the same section. The steady periodic velocity field
for the lower fluid, (3.18), contains A;B; g1ðyÞ, and g2ðyÞ,
which are defined in Eqs. (3.20),(3.21),(3.25), and (3.26),

respectively. If we let h ¼ H; l1 ¼ l2 ¼ l(say the viscosity of
the single-layer fluid), and m1 ¼ m2 ¼ m(say the kinematic vis-
cosity of the single-layer fluid) in Eqs. (3.20),(3.21),(3.25),

and (3.26), we have

A ¼ cos b1 sinh b1; ðB:1Þ
B ¼ sin b1 cosh b1; ðB:2Þ
g1ðyÞ ¼ � sin b2 cosh b2 sin b1 sinh b1

þ cos b2 sinh b2 cos b1 cosh b1; ðB:3Þ
g2ðyÞ ¼ sin b2 cosh b2 cos b1 cosh b1

þ cos b2 sinh b2 sin b1 sinh b1; ðB:4Þ

where b1 ¼
ffiffiffiffiffi
x
2m

r
H; and b2 ¼

ffiffiffiffiffi
x
2m

r
y: ðB:5Þ

If we substitute (B.1)–(B.4) into Eq. (3.18), we obtain the
steady periodic velocity field for oscillatory Couette flow for
the single-layer fluid, (3.48).

Again, the transient velocity field for the lower fluid, (3.31),

contains F2ðkmÞ;F3ðkmÞ, and F4ðkmÞ, which are defined in Eqs.
(3.33)–(3.35), respectively. If we put h ¼ H; l1 ¼ l2 ¼ l(say
the viscosity of the single-layer fluid), and m1 ¼ m2 ¼ m(say the

kinematic viscosity of the single-layer fluid) in Eqs. (3.33)–
(3.35), we obtain
F2ðkmÞ ¼ cosðkm Hffiffiffi
m

p Þ; ðB:6Þ

F3ðkmÞ ¼ sinðkm Hffiffiffi
m

p Þ; ðB:7Þ

F4ðkmÞ ¼ Hffiffiffi
m

p cosðkm Hffiffiffi
m

p Þ: ðB:8Þ

Note that here, km is as defined in (3.54). Substituting Eqs.

(B.6)–(B.8) into Eq. (3.31), we obtain the transient velocity
field for oscillatory Couette flow for the single-layer fluid,
(3.49).

B.2. Deduction from the velocity field for the upper fluid

Here we give hints on the deductions of the steady periodic and

transient velocity fields for oscillatory Couette flow for a
single-layer fluid, Eqs. (3.48) and (3.49) in section (3.2.1).
The deductions are made from the corresponding results for

the upper fluid, Eqs. (3.19) and (3.32) in the same section.
The steady-state velocity field for the upper fluid, (3.19), con-
tains A;B; g3ðyÞ, and g4ðyÞ, which are defined in Eqs. (3.20),
(3.21), (3.27), and (3.28), respectively. If we let fh ¼ 0(meaning

that the lower fluid ceases to exist), l1 ¼ l2 ¼ l(say the viscos-
ity of the single-layer fluid), and m1 ¼ m2 ¼ m(say the kinematic
viscosity of the single-layer fluid) in Eqs. (3.20),(3.21),(3.27),

and (3.28), A and B reduce to those defined in Eqs. (B.1)
and (B.2), and g3ðyÞ and g4ðyÞ reduce to as follows:

g3ðyÞ ¼ cosðb1 � b2Þ sinhðb1 � b2Þ; ðB:9Þ
g4ðyÞ ¼ coshðb1 � b2Þ sinðb1 � b2Þ; ðB:10Þ
where b1 and b2 are as defined in (B.5).

Substitutions of Eqs. (B.1), (B.2), (B.9), and (B.10) into Eq.

(3.19) results in the steady periodic velocity field for oscillatory
Couette flow for the single-layer fluid, (3.48).

Again, the transient velocity field for the upper fluid, (3.32),

contains F4ðkmÞ, which is defined in (3.35). If we put
h ¼ 0(meaning that the lower fluid ceases to exist),
l1 ¼ l2 ¼ l(say the viscosity of the single-layer fluid), and

m1 ¼ m2 ¼ m(say the kinematic viscosity of the single-layer fluid)
in Eq. (3.35), F4ðkmÞ reduces to that defined in Eq. (B.8). Sub-
stitution of Eq. (B.8) into (3.32) yields the transient velocity

field for oscillatory Couette flow for the single-layer fluid,
(3.49).
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